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Kinctic modelling of the molecular weight distribution (MWD) of a polymer obtained by an anionic
polymerization with two types of growth centres in a dynamic cquilibrium, having different growth
rates and lifetimes comparable to the polymerization time, was made for low monomer conversions.
On the basis of distribution of the growth centres according to the total time spent in the fast growth
state, it was shown that MWD of the resulting polymer arc mostly bimodal at the beginning of the
polymerization and change to unimodal MWD at sufficicntly high polymerization degrees depending
on the equilibrization rate. When all centres arce in the fast state in the beginning, MWD are essen-
tially unimodal throughout. A hint of trimodality is obscrved in some cases, in an cxtent hardly de-
tectable in real chromatograms. IHence, a polymodal MWD can be explained only when more than
two growth centres with different growth rates are assumed.

In anionic polymerization of acrylates in non-polar solvents, polymodal molecular
weight distributions (MWD) arc obscrved at the beginning of the polymerization,
which become unimodal as the polymerization procceds'. As a possible rcason for this,
the presence of several growth centres with different growth rates is considered. For
polymodality to disappecar at later stages, a dynamic cquilibrium between different
centres with a lifetime short enough is necessary. A study of methyl 2-lithioisobutyrate
in tetrahydrofuran by NMR and Raman spectroscopy? showed for this model of the
growth centre in acrylic polymerizations the presence of several aggregated forms in
dynamic cquilibrium. Bimodal distributions® = % in anionic polymerizations in non-polar
solvents or a hint of bimodality’, ascribed to a multiplicity of growth centres, may be
found in the litcrature. Kinetic calculations of the first and sccond moments of the
number distribution of degree of polymerization (DDP) for a dynamic cquilibrium be-
tween two growth centres were performed by Szwarce and Hermans® for the casc when
one centre is inactive, by Coleman and Fox® for the case when the monomer conversion
is negligible, and by Figini'® for the general case. All these studies assumc initial equili-
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brium concentrations of growth centres. In a study of an exchange among k centres,
Bohm!! used a continuous MWD approximation valid for large degrees of polymeriza-
tion (DP) and sought an approximate solution in the form of a superposition of several
Gaussian functions with widths and populations of the components calculated from the
moments of DDP.

In this paper the exact DDP of a polymer obtained by a polymerization with negli-
gible monomer conversion, involving two exchanging growth centres with different
growth rates, is presented in the form of a closed-form function spread with the Poisson
distribution. The real polymerization with a considcrable conversion is not expected to
differ qualitatively from the case considered; nevertheless, the first and second mo-
ments of the number DDP arc shown for both cases for comparison. It turns out that
ref.!! missed the fact that the components of different individual centres decay with the
conversion at different rates and that the wings of the component of the average rate are
cut-off at carly polymerization stage.

KINETIC CONSIDERATIONS

We consider the polymerization scheme
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where P; and R; arc the slow and fast growth centres with growth and cquilibrization
ratcs independent of DP. In a polymerization with constant monomer concentration [M]
during time ¢, the total time T spent by a centre in the fast statec determines the DP
attained: the fraction of growth centres having spent time T in the fast state produces a
Poisson DDP with number-average DP of k([M] + (k, - k;)t[M]. When the monomer
concentration is time-dependent, the value ¢({M] should be replaced by the time integral
of thc monomer concentration and the value t[M] by the same integral taken over time
intervals spent in the fast state. Note that we assign zero index instead of unity® = 10 to
the starting species, which causes our first moments (number-average DP) to be less by
onc. For the sake of simplicity we consider unit monomer concentration; the non-unit
concentration case is casily obtained by replacing the values k, and k, by the values
k.[M] and k[M], respectively, in all the following formulac. For the unit monomer
concentration we obtain

Collect. Czech. Chem. Commun. (Vol. 58) (1993)



Kinctic Modelling of Anionic Polymerization 2351

ap(t,t)/ ot k,pr(r,t) - kprp(r,t) (1a)

ar(t,t)/ ot

ko p(T0) = kor(n) = or(ne/ot, (1b)

where p(t,f) and r(t,f) are the distributions according to total time t spent within the
time interval (0,¢) in the fast state by the growth centres which are in time ¢ in the slow
and fast states, respectively. The value t runs from O to t. For the time-dependent [M]
the last term in Eq. (7b) should be multiplied by [M] and T runs from 0 to ) [M](x)dx.
The total distribution of centres according to time T spent in the fast state during poly-
merization time ¢ equals p(t,f) + r(t,1).

The solution of Egs (I) with proper initial and marginal conditions when all centres
of unit concentration are initially in the slow state (p(t,0) = 6(v), r(t,0) = 0) is

p(r) = {8(x) + vk k(t-v)/T I, QVkk(t-T)T)}
cxp(—kr,,(t - T)-k;) (2a)
rwy) = k. 1y (2 Vk,k, (1 - T) T) cxp(—kp,(t - 1)-k,0) , 2b)

where Iy(z) and I,(z) arec modificd Bessel functions'?. This may be casily verified using
relations d/y(2)/dz = I,(2) and dI,(2)/dz = Iy(z) - I)(z)/z. When all the centres are initially
in the fast state (p(t,0) = 0, r(t,0) = 8(t)), the solution is

p(Tt) = krp I, 2 Vkprk,p(t -1) 1) exp( -—kp,(t - t)-krpt) Ba)
r(te) = {8(t-v) + Vhk,o/(t-1) 1) 2Vk, k(1 - 1))}

exp(—k, (1 = T)=k,,T) . (3b)

The solution for the case when both centres are initially present is obtained as an appro-
priate lincar combination of Eqs (2) and (3).

No closed form of solution of Eqs (7) is known cven for the simplest (exponential)
decay of [M], i.c., when both centres are in cquilibrium in the beginning. To estimate
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the effect of monomer consumption on DDP, its central sccond moment is now calcu-
lated for this case, which is an analogy to the calculation made by Figini'®. The above
polymerization scheme yiclds the following equations

dp/dt = k, exp(=k,t) P;_ 1 -p) - kopi + k,pri (4a)

dri/dt = k exp(=k,t) (ri_,-r) - kmr,- + ka’i, (4b)

where k, and k, arc the (bimolccular) growth rate constants of the slow and fast centres,
respectively, multiplied by the initial concentration [M], of the monomer, k. and krp
arc the equilibrization rate constants,

o Kok Kk 11
" kpr + krp [Ml()

with [I] being the total concentration of growth centres, p; and r; arc the concentrations
relative to [I] of the slow and fast centres, respectively, of DP equal to i. For i = 0 the
terms p_jand r_, are absent; for ¢ = 0, py= k. /(k,, + k), ro = ki /(K + k), and all other
p;» r; arc zero. Summing Eqs (4) over i from 0 to %, we sce that Zp; = k/(k,, + k,,) and
Zri= kyl(kp + kip); multiplying Eqs (4) by i and summing gives

m

Zidp/dt =k, exp(=k OZp; + k Zir; - k, Zip; (Sa)
Zidry/dt = k exp(=k,0OZr; + k,Zip; = kZir; (5b)
and the addition of Eqs (5) and integration yiclds
kok, + k k1 —cxp(-k,t)
. _ rp pror m
Zi(p,+r) = k, + krp - P . (6)

Note that the value of this expression for r = o would be attained at ¢ = 1/k,, if [M] did
not decrease (k,, = 0). Introducing Eq. (6) into Eqs (5) and subscquent integration yiclds

m

Collect. Czech. Chem. Commun. (Vol. 58) (1993)



Kinctic Modelling of Anionic Polymerization 2353

Sip; = Aky/(ky + k) - B (7a)

Iir;

L

Ak, /(ky, + k) + B, (7b)

where A is the right-hand side of Eq. (6) and

k -k, exp(-k,t) - exp(-(k,, +k.,))
= k T 5y m pr P .
B prkep (ke + krp)2 Ko+ key = Ky

Now, multiplying Eqs (4) by i(i - 1), summing over i, and adding up yiclds Zi(i - 1)d(p, + r,)d =
2 exp(-kyt)(k,Zip; + kZir;) and integration using Eqs (7) gives

Sii-1)(p;+r) = A* + C, ®
where
1 - exp(=2k,t) 1 - exp(=(k,, + k;, + k,)1)
k, -k, \? 2k - k_+k_+k
C = karkrf’(kr kP ) - k. +k /I: —
pr + p pr + - "m

Using Eqs (8) and (6) yiclds the final result for the central second moment of number
DDP

SR+ ) - Sip+r)? = C + A, ©)

Considering the fact that the Poisson distribution with number-average DP equal to p
has the central second moment equal to p, the term C may be assigned to spreading
caused by differcnt growth rates, whercas the term A may be assigned to spreading
causcd by the Poisson distribution. Introducing the time integral of [M] (with [M]y= 1),
t* = (1 - exp(=kp0))/ky, t = =In(1 - k,,t*)/k,,, we oblain

k k + k k
= 2P PrT % (10(1)

kpr + krp
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] - (1 - kmt‘)l +(kw+k1p)/km
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o [k B knt /2 ko + ko + ey 1ob
© = 2hke| &4k, PP —, - 3109

T

A similar procedure yields the result for the case of constant monomer concentration.
When all centres are in the slow state in the beginning, we get

Zip;+ry)

1ok, + Kook )/ (ke + ko) =

(1 = exp(-u))ky (k= k,)/ (ky, + k) (11a)

Bii - 1) (pi+r) - Cilp;+ 1) = (k= k) ki {ky (1 - 2u exp(-u) - exp(-2u)) +

-+

k(e + 2) exp(-u) + 1 = 2)}/(kp, + k,p)4 ,  (11b)

where u = (k,, + k,)t; these expressions correspond to the above values A and C, re-
spectively. The respective expressions for the case when all centres start in the fast
state are obtained by interchanging the roles of p and r:

A =ty kok)/ Gk + k) + (1= exp(-t0)) koplky = k) (ko + )2 (12a)
C = (k- kp)2 kip{kio(1 = 2 exp(-u) — exp(-2u)) +
+ ko ((u +2) exp(-u) + u - 2)}/(k,, + k,p)4 . (12b)

Considcring the rclation between T and the number-average DP reached by the respec-
tive growth centres after polymerization time ¢ we obtain for the first moment of the
total distribution p(t,f) + r(t,) when all centres start in the slow state:

M, = (exp(-u) +u- Dk /(k +k_ )? 13
1 pr pr p
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and when all centres start in the fast state:

M, =t - (exp(-u)+u- l)k,p/(kw+k,p)2. (14)

The central second moments are obtained from the respective C values by removing the
factor (k, — kp)z. For any starting mixture of growth centres the first moments may be
obtained as weighted averages of those for slow and fast starting states. For the central
sccond moments the weighted averages should be increased by a(l - o)(M; - M|')?,
where o : (1 - a) is the starting ratio of the centres and M, and M| are their respective
first moments. For the starting equilibrium ratio of centres, the first moment is simply
th,,/(kye + ki), Whereas the central second moment is

2 (exp(-u) + u = Dk k. /(k, + k) 15)

which, after reintroducing the factor (k, - kp_ﬁ, agrees with the k,, — 0 limit of the C
valuc from Eq. (8) and with the expression n? — n — [MJkt calculated from Egs (3.18)
and (3.16) of ref.’.

RESULTS AND DISCUSSION

The p(t,f) + r(z,t) distributions arc shown in Fig. 1 for three values of the equilibrium
fraction of the fast centres k,/k. (k. = ky, + k) equal 10 0.1, 0.2, and 0.5 and for five
values of k.t cqual to 0.5, 2, 8, 32, and 128, when abscissa runs from O to . Lines 7
correspond to the case when all the centres arc initially in the slow state, whereas lines
2 show the initial state with the fast centres. The case when both centres are initially
present is represented by an appropriate superposition of both distributions. Ordinates
arc normalized so that the same arca represents the same value of integral distribution.
Rectangles at margins represent d-functions. The distributions for &, /k, = 0.8 and 0.9
arc the mirror images of those for k,/k. = 0.2 and 0.1, respectively, with lines 7 and 2
interchanged. At the same time, the distributions in Fig. 1 represent the number DDP in
the limiting casc of a very high DP when the abscissa runs from k.t to k.t. At lower DP,
the marginal 8-functions should be replaced by appropriate Poisson distributions and
the central distribution spread with the Poisson distribution, the last step being usually
of a negligible effect since the Poisson distribution is very narrow. The Poisson dis-
tributions at the margins decay with exp(-k,f) and exp(-=k,f) and a broad, at the begin-
ning shallow distribution develops instead, in which, later on, a maximum appears at
DP cqual to t(k,k, + kk)/(k, + ki) corresponding to the weighted average of growth”
rates. However, a perceptible trimodality can be observed only when equilibrium frac-
tions of both growth centres arc approximately equal and k. is between about 2 and 8;
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FiG. 1
Number DDP in the large-DP approximation resulting from polymerizations with two exchanging
centres of different growth rates: 7 all centres start in the slow state; 2 all centres start in the fast
state. The rectangles at margins represent d-functions
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cven then it may be hardly detected by GPC (at low k,/k, values duc to longitudinal
spreading of chromatograms, at high k/k,, sec below). In other cases, onc of the margi-
nal Poisson distributions disappcars before the central maximum appears. Considering
the leading terms for large ¢ in braces in Eqs (11b) and (12b) (k,,u and ku, respec-
tively), we sce that at large times the central distribution width increases with (/2 and
with the growth rate, whereas in logarithmic DP scale or relative to the distribution
range it decreases with £72; in both cases it decreases with the reciprocal square root
of the cquilibrization rate. The ratio of the A and C contributions to the central second
moment at large ¢ is approximately equal to (kk, + kp,k,)kf/(2kp,k,p(kr - kp)2), which
shows that the contribution of the Poisson distribution is small compared to the differ-
ent growth rate contribution when the difference of the growth rates is large compared
to the cquilibrization rate and not too small compared to the growth rate values.

The GPC chromatograms usually show MWD (and hence also DDP) in approxi-
mately logarithmic MW scales and in the weight fractions. At large values of ratio k /k,,
such a representation differs basically from that shown in Fig. 1. The weight DDP in
logarithmic DP scales, spread with a Gaussian function to simulate longitudinal spread-
ing of chromatograms and neglecting the Poisson distribution spreading, arc therefore
shown for k/k, = 10 and 100 in Figs 2 and 3, respectively. The shape and width of
spreading used is best scen in Fig. 3, k, /k.= 0.01, k£ = 0.25, the leftmost peak. Vertical
scales of curves 2 arc multiplied by k,/k,,, so that the sum of both curves 7 and 2
represents the case when both growth centres arc initially in equilibrium; all vertical
scales arc divided by ¢ to give comparable hcights throughout the time run. At the
beginning, the central distribution shows a pronounced maximum at DP closc to k¢,
which subsequently shifts to DP corresponding to the weighted average of the growth
rates. During this shift the distribution acquires a pronounced asymmectry with a tail
towards lower DP and this asymmetry is again lost when the DP corresponding to the
average growth rate is rcached. The shift appcars only after the Poisson distribution
with DP cqual to k¢ essentially disappears; hence MWD are bimodal at the beginning
and change to unimodal after the Poisson distribution with the DP cqual to k,t disap-
pears. When no slow centres are initially present, the distribution is esscntially unimo-
dal throughout, although an unusual pcak shape is sometimes obscrved. In this case,
only a growth ratc decrease may be observed, which may be also caused by a depend-
ence of the growth rate constant on DP when only one type of centres occurs. These
two possibilities can be distinguished by changing experimental monomer concentra-
tion provided that activitics of all recaction components arc unchanged: in the former
casc the growth rate decrease depends just on the polymerization time, whereas in the
latter on the polymerization degree, which is the product of the polymerization time
and the monomer concentration. The asymmetric lines 2 in Fig. 3 strongly resemble
MWD obtained in polymerizations autotcrminated before monomer expiration!®14,
However, in this casc the low-DP tail persists until polymerization autotcrminates
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FiG. 2
Weight DDP (in logarithmic DP scales) in the large-DP approximation resulting from polymeriza-
tions with two exchanging centres of different growth rates spread with a Gaussian function for
growth rate ratio equal to 10: 7 all centres start in the slow state; 2 all centres start in the fast state
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Weight DDP (in logarithmic DP scales) in the large-DP approximation resulting from polymeriza-
tions with two exchanging centres of different growth rates spread with a Gaussian function for
growth rate ratio equal to 100: 7 all centres start in the slow state; 2 all centres start in the fast state
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despite its proportion may decrcase relatively to the proportion of the growing main
peak. In our casc, the tail is eventually absorbed by the main peak. When the equili-
brium is pronouncedly shifted towards slow centres, just before disappearing, the Pois-
son distribution with DP equal to k¢ becomes a side band or a shoulder on the central
distribution peak. Thus, to explain the polymodality observed in ref.!, more than two
growth centres with different growth rates should be assumed. The peak asymmetry
found at higher conversions! is in linc with the results of this study.

In a real polymerization with a decreasc in the monomer concentration, the monomer
may cxpire before the bimodality can disappear when the monomer consumption is fast
compared to the equilibrization rate. In the opposite case, the bimodality disappears at
a sufficiently long rcaction time. When the decreasc is cxponential (i.e., both centres
arc in cquilibrium in the beginning), the comparison of the leading term of Eq. (15) for
long times, 2t(k, - k ) kl,r rp//c‘, with that of Eq. (10b) (neglecting k,,, against k), 2(t* -
kot *212)(k, - k ) Kpckep! /k3, shows that a correcting factor of 1 - k, t*/2 should be applied
when comparing second moments at (* = ¢. This mecans that the second moment in-

m

creasce slows down during the polymerization, almost stopping when effective time ¢*
approaches the limiting 1/k,, value. After the monomer expires (¢* = 1/k,,), the second
moments reduce to one half (corresponding to an about 30% decrease in the distribu-
tion widths) of their values in the approximation where the monomer consumption is
neglected and at reaction time ¢ = 1/k,,, i.c. when both number-average DP (expressions
A) arce cqual. This is caused by the monomer consumption, which slows down the poly-
merization rate and hence relatively speeds up the cquilibrization rate, which causes
narrowing of the distribution.

This study was supported by the Institute grant No. 1. I am much indebted to Dr P. VIcek for intro-
ducing me to the problems of anionic polymerizations and for a stimulating discussion.
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